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Unit 4: Triangle Congruence

Objectives: Students will understand how to use different postulates and
theorems to prove two triangles are congruent. Students will understand how
use properties triangles to solve problems.

Essential Questions: How do you decide which theorem or postulate to use to
show congruence among triangles? How can you decide if enough information is
given to determine if two triangles are congruent?

TEKS Standards: G.1.A, G.2.A, G.2.B, G.7.A, G.9.B, G.10.B

Geometry

(1) Geometric structure. The student understands the structure of, and relationships within, an
axiomatic system. The student is expected to:

(A) develop an awareness of the structure of a mathematical system, connecting definitions,
postulates, logical reascning, and theorems;

(2) Geometric structure. The student analyzes geometric relationships in order to make and
verify conjectures. The student is expected to:

(A) use constructions to explore attributes of geometric figures and to make conjectures about
geometric relationships; and

(B) make conjectures about angles, lines, polygons, circles, and three-dimensional figures and
determine the validity of the conjectures, choosing from a variety of approaches such as
coordinate, transformational, or axiomatic.



(7) Dimensionality and the geometry of location. The student understands that coordinate
systems provide convenient and efficient ways of representing geometric figures and uses them
accordingly. The student is expected to:

(A) use one- and two-dimensional coordinate systems to represent points, lines, rays, line
segments, and figures;

(9) Congruence and the geometry of size. The student analyzes properties and describes
relationships in geometric figures. The student is expected to:

{B) formulate and test conjectures about the properties and attributes of polygons and their
component parts based on explorations and concrete models;

{10) Congruence and the geometry of size. The student applies the concept of congruence to
justify properties of figures and solve problems. The student is expected to:

(B) justify and apply triangle congruence relationships.

Turn In:
22 Classifying Triangles G.1.A
23 Angle Relationships in Triangles G.1.A,G.2.B
24 Congruent Triangles G.2.B, G.10.B
25 Triangle Congruence: SSS and SAS G.2.A,G.10.B
26 Triangle Congruence: ASA, AAS, and HL g:ié’BG'z'A' G958,
27 Triangle Congruence: CPCTC G.1.A, G.7.A, G.10.B
28 Isosceles and Equilateral Triangles G.2.B, G.10.B
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41 Classifying Triangles

You can classify triangles by their angle measures. An equiangular
triangle, for example, is a triangle with three congruent angles.

Examples of three other triangle classifications are shown in the table.

all acute angles

one right angle

Acute Triangle Right Triangle Obtuse Triangle
72" 45
50° 58° 31°  104°

one obtuse angle

supplementary.

m2LJLM + msJLK = 180°

msJLM + 120° = 180°
mZ£JLM = 60°

Since all the angles in AJLM are congruent, AJLM is an equiangular triangle.

You can use angle measures to classify AJML at right.
£JLM and ZJLK form a linear pair, so they are

Def. of supp. 4 mLE
Substitution
Subtract,

§0°

clse 507N 8

A= 8= C
LABC is equiangular.

ZJKL is obtuse
so AJLKis an
obtuse triangle.

Classify each friangle by its angle measures.

1 O

2.

Use the figure to classify each triangle by its angle measures.

4. ADFG

5. ADEG

6. AEFG

Qriginal content Copyright © by Helt McDougal. Additions and changes to the original conient are the responsibifity of the instructor.
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Classifying Triangles continued

You can also classify triangles by their side lengths.

Equilateral Triangle Isosceles Triangle Scalene Triangle

11
4 4 8 & e
= I
|4 9

at least two sides
all sides congruent congruent no sides congruent

You can use triangle classification to find the side lengths of a triangle.
Step 1 Find the value of x.

QR=RS Def. of = segs. A
4dx=3x+5 Substitution
x=5 Simplify. ax., 3x+ 5
Step 2 Use substitution to find the length of a side.
4x = 4(5) Substitute 5 for x.
=20 Simplify. Q E s

Each side length of AQRS is 20.

Classify each triangle by its side lengths.

7. AEGF D
14
8. ADEF
E
9. ADFG A
G i E
HH 30
Find the side lengths of each triangle.
1. Ax 1 4
s
22X+ 2
Yxt6

10.
Qriginal content Copyright © by Holt MeDougal. Additions and changes to the original content are the responsibility of the instructer.
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GEZ38 Angle Relationships in Triangles
J
According to the Triangle Sum Theorem, the sum of the angle
measures of a triangle is 180°. g2°
mLJ+mLK+mLL =62 +73 + 45
= 180° . &5" 730 K
The corollary below follows directly from the Triangle Sum Theorem.
Corollary Exampie
The acute angles of a right B
triangle are complementary. m£C — g?: 39 K

msC + msE=90°

Use the figure for Exercises 1 and 2.

1. Find m£ABC.

2. Find mZCAD.

Use ARST for Exercises 3 and 4.

3. What is the value of x? A

4. What is the measure of each angle? {dx + 9y

What is the measure of each angle?

5 ZL 6. ZLC 7. LW

Criginal content Copyright @ by Helt McDougal. Additions and changes to the originaf content are the responsibility of the instructor.
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LE

Angle Relationships in Triangles continued

An exterior angle of a triangle is formed by

one side of the triangle and the extension of r etm(‘)te
an adjacent side. lﬁ _?FIO

rangles [ -

exterior |

Z1 and £2 are the remote interior angles of
Z4 because they are not adjacent to £4.

b

angle |
. rrereeres

Exterior Angle Theorem

The measure of an exterior angle of a
triangle is equal fo the sum of the
measures of its remote interior angles.

T2

mzZ4 =ms1 + ms2

VA

Third Angles Theorem

If two angles of one triangle are congruent 1 4

to two angles of another triangle, then _

the third pair of angles are congruent. 2 3 i 5 6
4

S

Find each angle measure.

Fd
F

80°
111
ﬁ r &
8. mZG 9 mzD

Find each angle measure.

L
MV P
% ]
— {6x + 10)° o x-2
K ]
10. m£Mand m£Q 11. m£LT and m£R

Qriginai content Copyright ® by Holt McDougal. Addifions and changes to the original content are the responsibility of the instructor.
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gesl8l Congruent Triangles

Triangles are congruent if they have the same size and shape. Their corresponding parts,
the angles and sides that are in the same positions, are congruent.

J Corresponding Parts
Congruent Angles Congruent Sides
LAz LS AB=JK
5 = /K BC =KL
B KDt Sozai Eip
AABC = £ JKL = CA=LJ

To identify corresponding parts of congruent triangles, look at the order of the vertices in the
congruence statement such as AABC = AJKL.

Given: AXYZ = ANPQ. ldentify the congruent corresponding parts.

¥ Q@
i Z p i N
X
1. £Z= 2. YZ =
3. LP= 4. /X=
5 NQ = 6. PN =

9. mLF= 10. ST=

Originat content Copyright ® by Holt McDougal. Additions and changes te the original content are the responsibility of the instructor.
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GE8 Congruent Triangles continued
You can prove triangles congruent by using the definition of congruence.

Given: £D and £8 are right angles. £

LDCE = ZBCA
C is the midpoint of DB.
ED=AB,EC = AC o]
Prove: AEDC = AABC
Proof:
Statements Reasons
1. zD and £ZB are rt, 4. 1. Given
2. 2D=/B 2. Rt. 2£=Thm.
3. ZDCE = ZBCA 3. Given
4, LE=7A 4, Third £ Thm.
5. C is the midpoint of DB. 5. Given
6. DC=BC 6. Def. of mdpt.
7. ED=AB,EC = AC 7. Given
8. AEDC = ANABC 8. Def. of = As
11. Complete the proof.
Given: £Q = ZR
P is the midpoint of QR.
NQ=SR, NP =SP
Prove: ANPQ = ASPR
Proof:
Statements Reasons
1. £Q= 2R 1. Given
2. ZNPQ = ZSPR 2. a.
3. ZN=/S 3. b.
4. Pis the midpoint of QR. 4 c
5.d. 5. Def. of mdpt.
6. NG= 3SR NP=3P 6 o
7. ANPQ = ASPR 7. 1.

Original centent Copyright ® by Holt McDougal. Additions and changes ta the original content are the responsibility of the instructor.
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Triangle Congruence: SSS and SAS

Side-Side-Side (8588} Congruence Postulate

If three sides of one triangle are congruent to three sides

P
U T
of another triangle, then the triangles are congruent.
QR=TU,RP =US, and PQ= ST, s0 APQR= ASTU. :
o R &

You can use SSS to explain why AFJH = AFGH. J L .
Itis given that FJ = FG and that JH = GH. By the Reflex. W |
Prop. of =, FH = FH. So AFJH = AFGH by SSS. .

Side-Angle-Side (SAS) Congruence Postulate

If two sides and the included angle of one triangle are congruent to two sides and the
inciuded angle of another triangie, then the triangles are congruent.

/K is the included ook ZN s the included angle
///\ /\\ of LN and NM.
' TR [RY) N

angle of HK and KJ.
SHJK e ALMN

Use SSS to explain why the triangles in each pair are congruent.
K L

M

a
1. AJKM = ADLKM

2. AABC = ACDA

3. Use SAS to explain why AWXY = AWZY.

W

Qriginal content Copyright ® by Holt McDougal. Additions and changes to the original content are the responsibility of the instructor.
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GE=I8 Triangle Congruence: SSS and SAS continued

You can show that two triangles are congruent by using SSS and SAS.

Show that AJKL = AFGH for y=7. J K
HG=y+86 msZG=5y+5 FG=4y -1 V A e
—7+6=13 =5(7)+5=40° =4(7)—1=27 7 FA,AG
HG = LK=13, s0 HG =LK by def. of = segs. m£G = 40°, Ay -

s0 /G = /Kby def of= 4 FG=JK=27,s0 FG=JK
by def. of = segs. Therefore AJKL = AFGH by SAS.

Show that the triangles are congruent for the given value of the variable.

el X F 21
F‘
B 17 Q X
8 8 Z2x - 3 X2 an s &

i 2 2 g ;

D g ¢ a W wn ¥

4. ABCD=AFGH, x=6 5 APQRz AVWX n=3

R

6. Complete the proof.
Given: T is the midpoint of VS.

RT LVS y ] s
Prove: ARST = ARVT 7
Statements Reasons

1. Tis the midpoint of VS. 1. Given

2. a. 2. Def. of mdpt.
3.RTLVS 3. b.

4, 4, c.

5.d. 5.Rt. £ =Thm,

6. RT=RT 6. e.

7. ARST = ARVT 7.1,

Qriginal content Copyright © by Holt McDougal. Additions and ¢hanges to the original content are the responsibility of the instructor,
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sl Triangle Congruence: ASA, AAS, and HL

Angle-Side-Angle (ASA) Congruence Postulate

If two angles and the included side of one triangle are congruent to two angles and the

included side of ancther triangle, then the triangles are congruent.
A

AC is the included
side of ZA and ~ZC. o

D p—
DF is the included
/9\\ side of ZD and ZF.
B E F

AABC w ADEF

Determine whether you can use ASA to prove the triangles congruent.
Explain.

E
5m
L 8om
N P G F A
Bcem
K % Q o 5m v
1. AKLM and ANPQ 2. AEFG and AXYZ
P K
g
v
/
7
N L w
N f L
3. AKLM and APNM, given that M is the 4, ASTWand AUTV

midpoint of NL

Original content Copyright @ by Holt McDougal. Additions and changes to the criginal content are the respensibility of the instructor.
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WGa® Triangle Congruence: ASA, AAS, and HL continued

Angle-Angle-Side (AAS) Congruence Theorem

angles and nonincluded side of another triangle, then the triangles are congruent.
F

If two angles and a nonincluded side of one triangle are congruent to the corresponding

FH is a nonincluded
side of ZF and £G.

JL is a nonincluded

J
/L}\\ /% side of £J and £ZK.
H G K L

AFGH = AJdKL

Special theorems can be used to prove right triangles congruent.

Hypotenuse-Leg (HL) Congruence Theorem

another right triangle, then the triangles are congruent.

J K NVM
L P

SJRE 28 AMINP

If the hypotenuse and a leg of a right triangle are congruent to the hypotenuse and a leg of

5. Describe the corresponding parts and the justifications 2
for using them to prove the triangles congruent by AAS. 2
Given: BD is the angle bisector of ZADC.
Prove: AABD = ANCBD b ¢

Determine whether you can use the HL Congruence Theorem to prove
the triangles congruent, if yes, explain. if not, tell what else you need
to know.

p/ﬁ T

X A
6. AUVW = AWXU 7. ATSR= APQR

Original content Copyright ® by Holt McDougal. Additions and changes to the original content are the responsibility of the instructor.
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WLad8 Triangle Congruence: CPCTC

Corresponding Parts of Congruent Triangles are Congruent (CPCTC) is useful in proofs. If you
prove that two triangles are congruent, then you can use CPCTC as a justification for proving
corresponding parts congruent. A

Given: Kﬁgaﬁ,%aC—B D
Prove: ZA=./C

P f C 1 B
roof: (= —
Given
A5 = CB (248D = 2CBD H;A«m;c)
Given SS8S CPCTC

Bh= BD

Reflex. Prop of =

[

Complete each proof.

1. Given: ZPNQ= £LNM, PN = LN, P y
N is the midpoint of QM.
Prove: PQ=1LM @ Y
Proof:

L PNG = 2 LNM
Given

PN = [N > PG LM
F=T—e NG

B / shs d

Misthe ___
mdpt. of MQ, [+
Given Dof. of midpt.

2. Given: AUXW and AUVW are right As. g
UX = UV //]\\
Prove: £X= £V X ] y
Proof: w
Statements Reasons
1. AUXW and AUVW are rt. As. 1. Given
2. UX=UV 2. a.
3. UW =UW 3. b.
4. ¢, 4. d.
5. L X=2V 5 e.

Qriginal content Copyright ® by Holt McDougat. Additions and changes fo the original content are the responsibility of the instructor.
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Triangle Congruence: CPCTC continued

You can also use CPCTC when triangles are on the coordinate plane.

Given: C(2, 2), D(4, -2), E(0, -2), AL Ky
F(0, 1), G(-4, -1), H(-4, 3) e fo o 2 = &

Prove: LCED = ZFHG | 0[/ 2\?\ X

Step 1 Plot the points on a coordinate plane. ' L

Step 2 Find the lengths of the sides of each triangle. ! E 2

Use the Distance Formula if necessary.

d = (%, =%, + (¥, — 1)

CD = (4 -2 +(-2-2)? FG=1J(=4 =0 +(-1-1)2
=4+16 =25 =16 +4 =25

DE=4 GH=4

EC=(2-07 +[2-(-2)F HF = [0~ (~4)F +(1-3)?
=J4+16 =25 =J16+4=25

So, CD = FG, DE = GH, and EC = HF. Therefore ACDE = AFGH by SSS, and
ZCED = £FHG by CPCTC.

Use the graph to prove each congruence statement.

AR

: - K: - ; O S

3. ZRSQ = ZXYW 4. ZCAB= /LIK

5. Use the given set of points to prove ZPMN = ZVTU.
M(=2, 4), N(1, =2), P(=3, —4), T(4, 1), U(2, 4), V{4, 0)

Original content Copyright ® by Holt McDougal. Additions and changes fo the criginal content are the respensibility of the instructor.
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BEESS Isosceles and Equilateral Triangles

Theorem Examples

Isosceles Triangle Theorem R
If two sides of a triangle are congruent, then the
angles opposite the sides are congruent.
T s

If RT = RS, then /T=/S.

Converse of Isosceles Triangle Theorem k
If two angles of a triangle are congruent, then
the sides opposite those angles are congruent.
N : M

If ZN= /M, then LN =LM.

You can use these theorems to find angle measures in isosceles triangles.
Find m£E in ADEF. 2

(8x + 14)°

ms£D=m4sZE isosc. A Thm.
5x° = (3x + 14)° Substitute the given values.
2x=14 Subtract 3x from both sides. ¥
x=7 Divide both sides by 2.
Thus m£E=3(7) + 14 = 35°,
Find each angle measure.
B o)
78

i o o 86"} .

1. m£LC= 2. mLQ=
H L
G
{x + 30y
(®x + 18)° J N M

3. mLH = 4. msLM =

Qriginal cantent Copyright ® by Holt McDougal. Additions and changes to the original conient are the responsibility of the instractor.
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BEZN [sosceles and Equilateral Triangles continued

Equilateral Triangle Corollary
If a triangle is equilateral, then it is equiangular.

(equilateral A — equiangular A)

Equiangular Triangle Corollary
If a triangle is equiangular, then it is equilateral.
& B

(equiangular A — equilateral A)
If ZA= /B= /C, then AB=BC =CA.

You can use these theorems to find values in equilateral triangles.

g
Find x in ASTV.
A STV is equiangular. Equilateral A — equiangutlar A
(7x +4)° =60° The measure of each £ of an
equiangular A is 60°. (7x+ 4
7x=56 Subtract 4 from both sides, /i
X=8 Divide both sides by 7. v E T
Find each vaiue.
Q D
(2x - 6
s : 5n° q ¢ : ) £
5. n= 6. x=
8
or
4y 1
yl T
5r ¢ 8 N
7. VT= 8. MN =

Original content Copyright ® by Helt McDougal. Additions and changes to the original content are the responsibility of the instructor.
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